We show that two continuous inverse limit actions α and β of a locally compact group G on two pro-C * -algebras A and B are stably outer conjugate if and only if there is a full Hilbert A-module E and a continuous action of G on E such that E and E * (the dual module of E) are countably generated in M(E) (the multiplier module of E), respectively M(E * ) and the pair (E ) implements a strong Morita equivalence between α and β. This is a generalization of a result of F. Combes [Proc. London Math. Soc. 49(1984), 289-306].
Introduction
It is well-known that if two continuous actions α and β of a locally compact group G on two C * -algebras A and B are stably outer conjugate, then they are strongly Morita equivalent. In general, the converse implication is not true. If moreover, the C * -algebras A and B have countable approximate unit, then the actions α and β are stably outer equivalent if and only if they are strongly Morita equivalent [3] . The fact that the C * -algebras A and B have countable approximate unit plays an important role to construct a one-cocycle from G to the C * -algebra A ⊗ , where denotes the C * -algebra of all compact operators on a separable infinite dimensional Hilbert space . More exactly, since the C * -algebras A and B have countable approximate unit, the full Hilbert A-module E which implements a strong Morita equivalence between the C * -algebras A and B is countable generated, and then there is a unitary operator from the Hilbert C * -module A ⊗ to the Hilbert C * -module E ⊗ , which is used to construct a one-cocycle from G to A ⊗ relative to the action α⊗id. I. Raeburn and S. J. Thompson [19] considered a more general notion of countably generated Hilbert C * -modules in which generators are multipliers of the module. In this paper, using the notion of countably generated Hilbert C * -module introduced by I. Raeburn and S. J. Thompson, we generalize the result of Combes to the context of group actions on arbitrary pro-C * -algebras. Pro-C * -algebras are generalizations of C * -algebras. Instead of
Preliminaries
A pro-C * -algebra is a complete Hausdorff complex topological * -algebra A whose topology is determined by its continuous C * -seminorms in the sense that a net { } ∈I converges to 0 in A if and only if the net { ( )} ∈I converges to 0 for all continuous C * -seminorms on A. In fact a pro-C * -algebra can be identified with an inverse limit of C * -algebras. In the literature, pro-C * -algebras have been given different names such as * -algebras (C. Apostol), LMC * -algebras (G. Lassner, K. Schmüdgen) or locally C * -algebras (A. Inoue, M. Fragoulopoulou). By a morphism of pro-C * -algebras we always mean a continuous morphism. Two pro-C * -algebras A and B are isomorphic if there is a bijective map : A → B such that and −1 are morphisms of pro-C * -algebras. Any isomorphism of pro-C * -algebras : A → B extends unique to a unital morphism of pro-C * -algebras from the multiplier algebra M(A) of A onto the multiplier algebra M(B) of B. Let A be a pro-C * -algebra. The set S(A) of all continuous C * -seminorms on A is directed with the order ≥ if ( ) ≥ ( ) for all ∈ A. For each ∈ S(A), ker = { ∈ A; ( ) = 0} is a two-sided * -ideal of A and the quotient * -algebra A/ ker , denoted by A , is a C * -algebra in the C * -norm induced by . The canonical map from A to A is denoted by π A . For ∈ S(A) with ≥ there is a canonical surjective morphism of
is an inverse system of C * -algebras, and moreover, the map : A → lim
← ∈S(A)
A defined by ( ) = π A ( ) is an isomorphism of pro-C * -algebras. Let G be a locally compact group. An action of G on A is a morphism of groups α from G to Aut(A), the set of all isomorphisms of pro-C * -algebras from A to A. The action α is continuous if the function → α ( ) from G to A is continuous for each ∈ A.
An action → α of G on A is an inverse limit action if we can write A as an inverse limit lim
and α is an action of G on a pro-C * -algebra A such that the map ( ) → α ( ) from G × A to A is jointly continuous, then α is an inverse limit action. Two continuous actions → α and → β of G on the pro-C * -algebras A and B are conjugate, if there is an isomorphism of pro-C * -algebras : A → B such that α = −1 • β • for all ∈ G Hilbert modules over pro-C * -algebras are generalizations of Hilbert C * -modules by allowing the inner product to take values in a pro-C * -algebra rather than in a C * -algebra. A Hilbert A-module is a complex vector space E which is also a right A-module, compatible with the complex algebra structure, equipped with an A-valued inner product · · : E × E → A which is C-and A-linear in its second variable and satisfies the following relations: and which is complete with respect to the topology determined by the family of seminorms { E } ∈S (A) , where
Any pro-C * -algebra A is a Hilbert A-module in a natural way. A Hilbert A-module E is full if the linear space E E generated by { ξ η ξ η ∈ E} is dense in A. Let E be a Hilbert A-module. For ∈ S(A), ker E = {ξ ∈ E; E (ξ) = 0} is a closed submodule of E and E = E/ ker E is a Hilbert A -module with (ξ + ker E )π 
E is a Hilbert A-module with the action defined by (ξ ) ( ) = (ξ ) and the inner product defined by (ξ ) (η ) = ξ η . Moreover, the Hilbert modules E and lim
a surjective linear map with the property that U (ξ) U (η) = ξ η for all ξ η ∈ E. Let E and F be two Hilbert A-modules. A module morphism T : E → F is adjointable if there is a module morphism
The set of all adjointable module morphisms from E to F , denoted by L(E F ), is a completely locally convex space with the topology determined by the family of seminorms { L(E F ) } ∈S(A) , where
A generalized isomorphism of Hilbert modules is a bijective map : E → E such that and −1 are morphisms of Hilbert modules. Let G be a locally compact group. An action of G on E is a morphism of groups → from G to Aut(E) the group of all generalized isomorphisms of Hilbert modules. The action → of G on E is continuous if the map → (ξ) from G to E is continuous for each ξ ∈ E. An action → of G on E is an inverse limit action if we can write E as an inverse limit lim
A (continuous inverse limit) action of G on a full Hilbert A-module E induces a (continuous inverse limit) action α of
for all ∈ G and for all ξ η ∈ E and a (continuous inverse limit) action β of G on K (E) such that
for all ∈ G and for all ξ η ∈ E. Also, it induces a (continuous inverse limit) action γ of G on the linking algebra
for all ∈ G and for all ξ η ∈ E. Two continuous actions → α and → β of G on the pro-C * -algebras A and B are strongly Morita equivalent, if there is a full Hilbert A-module E, and a continuous action → of G on E such that the actions of G on A and K (E) induced by are conjugate with the actions α respectively β.
Outer conjugacy of group actions
Let A be a pro-C * -algebra and G a locally compact group.
Definition 3.1.
A one-cocycle on G relative to a continuous action α of G on A is a strictly continuous map → from G to (M(A)), the set of unitaries in the multiplier algebra M(A) of A, such that
for all and in G Remark 3.1.
If α is a continuous inverse limit action of G on A and is a one-cocycle relative to α, then the map → π M(A) ( ) from G to (M(A )) is a one-cocycle relative to the action → α of G on A for each ∈ S(A).
Definition 3.2.
Two continuous actions α and α of G on A are outer equivalent if there is a one-cocycle relative to α such that α ( ) = α ( ) * for all ∈ A and for all ∈ G.
Remark 3.2.
If α and α are two outer equivalent continuous actions of G on A, and if α is an inverse limit action, then α is an inverse limit action.
α for each ∈ G and if → is a one-cocycle relative to α such that α ( ) = α ( ) * for all ∈ A and for all ∈ G, then the map → β from G to Aut A , where
for all ∈ A, is a continuous action of G on A . It is not difficult to check that (β ) is an inverse system of C * -isomorphisms and α = lim
β for each ∈ G. Therefore α is an inverse limit action. Moreover, the actions α and β are outer equivalent for each ∈ S(A). Proof. (1) Let be a one-cocycle such that
It is not difficult to check that is a generalized isomorphism of Hilbert A-modules. Also it is not difficult to check that the map → from G to the group of generalized isomorphisms of Hilbert modules on A is a morphism of groups. Moreover, the map → ( ) from G to A is continuous for each ∈ A, since the maps → α ( ) from G to A and → from G to (M(A)) are continuous, respectively strict continuous. Therefore is a continuous action of G on the
for all ∈ A and for all ∈ G, and
for all ∈ A and for all ∈ G, we conclude that (A ) implements a strong Morita equivalence between α and α . 
Remark 3.3.
If the continuous actions α and β of G on the pro-C * -algebras A and B are outer conjugate and if α is an inverse limit action, then β is an inverse limit action. [2, 12, 13, 19] . Moreover, the topology on M(E) induced by the inner product coincides with the topology defined by the family of
(A)-module L(A E) can be regarded as a Hilbert M(A)-module. The Hilbert M(A)-module L(A E) is called the multiplier module of E and it is denoted by M(E)

seminorms { M(E) } ∈S(A) , with M(E) ( ) = L(A E) ( ) for all ∈ M(E) and for all ∈ S(A). The map i E : E → M(E) defined by i E (ξ) ( ) = ξ ξ ∈ E ∈ A identifies E with a Hilbert submodule of M(E) [2, 12, 19]. Moreover, if ∈ A and T ∈ M(E), then T · can be identified with T ( ).
It is well-known that the Hilbert A-module A is countably generated if and only if A has a countable approximate unit. I. Raeburn and S. J. Thompson [19] considered a more general notion of countably generated module in which the generators are multipliers of the module. Using the notion of countable generatedness introduced by I. Raeburn and S.
J. Thompson the Hilbert A-module A is always countably generated. A Hilbert A-module E is countably generated in M(E) if there is a countable set { ;
∈ M(E) = 1 2 } such that the closed submodule of M(E) generated by { · ; ∈ A = 1 2 } is E. Clearly, any countably generated Hilbert A-module E is countably generated in M(E). In general, E * is not countably generated in M(E * ) when E is countably generated in M(E). Let E = K ( C) the vector space of compact operators from a compact non-separable Hilbert to C. Then E is a Hilbert K ( )-module which is countably generated in M(E), but E * is not countably generated in M(E * ) [19] . Let E be a Hilbert A-module, let F be a Hilbert B-module and let : A → L(F ) be a morphism of pro-C * -algebras. The interior tensor product of the Hilbert modules E and F (using ) [6] is denoted by E ⊗ F . 
Proposition 3.2.
Let α and β be two continuous actions of G on the pro-C
Stable outer conjugacy of group actions
The C * -algebra of all compact operator on an infinite dimensional separable Hilbert space is denoted by . Let G be a locally compact group, let A be a pro-C * -algebra and let α be a continuous (inverse limit) action of G on A. It is not difficult to verify that the map → α ⊗id, where (α ⊗ id) ( ⊗ T ) = α ( ) ⊗ T for all ∈ A and for all T ∈ , is a continuous (inverse limit) action of G on A ⊗ , denoted by α⊗id. 
extends to a generalized morphism of Hilbert modules, since
for all ∈ A and for all ξ η ∈ α is an isomorphism of pro-C * -algebras, and since A ⊗ alg is dense in A ⊗ . Moreover, since is invertible and ( )
is dense in A ⊗ , there is ∈ A and ξ ∈ such that
and since α ⊗id is a continuous action, there is a neighborhood V of such that
and
and for all ∈ V . Then
where : K (A ⊗ ) → A ⊗ is an isomorphism of pro-C * -algebras such that θ ⊗ξ ⊗η = * ⊗ θ ξ η for all ∈ A, for all ξ η ∈ and for all ∈ G, the pair (A ⊗ ) implements a strong Morita equivalence between α and α ⊗ id.
Definition 4.1.
Two actions α and β of G on the pro-C * -algebras A and B are stably outer conjugate if the actions α⊗id and β⊗id of G on the pro-C * -algebras A ⊗ and B ⊗ are outer conjugate. Proof. If the actions α and β are stably outer conjugate, then the actions α⊗id and β⊗id are outer conjugate and by Proposition 3.1 (1), they are strongly Morita equivalent. But the actions α and α⊗id are strongly Morita equivalent as well as the actions β and β⊗id. From these facts and taking into account that the strong Morita equivalence for continuous group actions on pro-C * -algebras is an equivalence relation, we conclude that the actions α and β are strongly Morita equivalent. Now we will show that there is a full Hilbert A-module E such that E and E * are countably generated in M(E), respectively M(E * ) and there is a continuous action of G on E such that the pair (E ) implements a strong Morita equivalence between α and β. 
, which implements a strong Morita equivalence between α and β. Let E = (B ⊗ ) * ⊗ 1 F . We have seen that there is a continuous action of G on E such that (E ) implements a strong Morita equivalence between the actions α and β, and moreover, the Hilbert modules E and E * are countably generated in M(E), respectively M(E * ) [12, Proposition 3.11 and Remarks 3.9 and 3.12 ].
The following theorem is a generalization of a result of Combes [3] concerning the actions of a locally compact group on C * -algebras with countable approximate unit in the context of group actions on arbitrary pro-C * -algebras. 
for all ξ 1 ξ 2 ∈ E and for all T 1 T 2 ∈ and since E ⊗ alg is dense in E ⊗ and α ⊗id is an isomorphism of pro-C * -algebras, ⊗ id extends to a generalized morphism of Hilbert modules from E ⊗ to E ⊗ , denoted also by ⊗id . Moreover, since ⊗id is invertible and ( ⊗ id )
⊗id is a generalized isomorphism of Hilbert modules. It is not difficult to check that the map → ⊗ id from G to Aut(E ⊗ ) is an action of G on E ⊗ , denoted by ⊗id. Also, using the fact that is a continuous action, it is not difficult to check that the action ⊗id is continuous. Since
for all ξ 1 ξ 2 ∈ E, for all T 1 T 2 ∈ and for all ∈ G, and since the actions β ⊗id and β⊗id are conjugate, the pair (E ⊗ ⊗ id) implements a strong Morita equivalence between α⊗id and β⊗id. Since the linking algebra (E ⊗ ) of the Hilbert A ⊗ -module E ⊗ can be identified with the pro-C * -algebra (E) ⊗ [6] , the action of G on (E ⊗ ) induced by the action ⊗id can be identified with the action γ ⊗id, where γ is the action of G on A simple calculation shows that is a unitary in M ( (E) ⊗ ) . Moreover, the map → from G to ( M ( (E) ⊗ ) ) is strictly continuous, since the map → γ ⊗ id ( * ) from G to M ( (E) ⊗ ) is strictly continuous. Now we show that the map → from G to ( (E) ⊗ ) defines a one-cocycle relative to the action (γ ⊗ id)| ( (E)⊗ ) . For this, let ∈ G. Then we have
and so the map → from G to ( (E) ⊗ ) defines a one-cocycle relative to the action (γ ⊗ id)| ( (E)⊗ ) From
for all ∈ (E) ⊗ and ∈ G, we deduce that the actions Remark 4.1.
Suppose that α and β are two strongly Morita equivalent continuous actions of a locally compact group G on two C * -algebras A and B both possessing countable approximate unit. If the pair (E ) implements a strong Morita equivalence between α and β then the C * -algebras B and K (E) are isomorphic as well as the C * -algebras A and K (E * ), and since the C * -algebras A and B have countable approximate unit, the Hilbert C * -modules E and E * are countably generated (see, for example, [14, Proposition 6.7] ) and so they are countably generated in M(E) respectively M(E * ). Therefore, [3, Proposition p. 304] is a particular case of Theorem 4.1.
